Abstract. We construct smooth nonseparable compactly supported refinable functions that generate multiresolution analyses on L 2 (R d ), d > 1. Using these refinable functions we construct smooth nonseparable compactly supported orthonormal wavelet systems. These systems are nonseparable, in the sense that none of its constituent functions can be expressed as the product of two functions defined on lower dimensions. Both the refinable functions and the wavelets can be made as smooth as desired. Estimates for the supports of these scaling functions and wavelets, are given.
Definitions and preliminary results
The purpose of this paper is to construct smooth nonseparable wavelet systems of compact support. The idea underlying our construction is to start with a suitable orthonormal wavelet system obtained by tensor products, and then make an appropriate change of variables. Other articles studying nonseparable frame or orthogonal wavelets include Ayache [1, 2, 3, 4] , Belogay and Wang [5] , Karoui [9] , Kovacević and Vetterli [10] , Lai [11, 12] , Li [13] , and Yang and Xue [16, 17] .
In this section we summarize the notation, definitions and well-known preliminary results that will be used. Section 2 is devoted to the construction of compactly supported nonseparable smooth scaling functions that generate an MRA in L 2 (R d ), d > 1. In Section 3 we construct smooth nonseparable compactly supported orthonormal wavelet systems.
The sets of strictly positive integers, integers, and real numbers will be denoted by N, Z and R respectively. Given c ∈ R and x = (x 1 , x 2 , . . . , x d ) ∈ R d , we define cx := (cx 1 , cx 2 , . . . , cx d ) and c(Z) := {ck : k ∈ Z}, and 0 d will denote the zero vector in R d ; if there is no risk of ambiguity we may omit the index d. A function φ ∈ L 2 (R d ), d > 1 is said to be separable if there exist a ∈ N, 1 ≤ a < d, and two functions ϕ ∈ L 2 (R a ) and θ ∈ L 2 (R d−a ) such that φ can be expressed as (1) φ(
is an orthonormal basis of L 2 (R) then ψ is called an orthonormal wavelet. Let f denote the Fourier transform of the function
where x·t denotes the usual inner product of vectors x and y. The Fourier transform has a natural extension to L 2 (R d ). The bracket product of a function θ with itself will be denoted by [θ] 2 (t). Thus,
provided the right-hand converges.
(ii) and (iv) imply that φ is refinable, i.e.,
where the low pass filter
} is an orthonormal system, and
where the closure is in
generates an MRA if it is a refinable function and the subspaces V j satisfy condition (iii).
At this point it will be convenient to review the construction of the Daubechies orthonormal wavelets.
For n = 1, 2, 3, · · · let us define the following trigonometric polynomials in R
where c n = ( (sin 2πξ) 2n+1 dξ) −1 . We will need the following properties of the functions g n (cf. [15, Lemma 4.8] ). Lemma A. For n = 1, 2, · · · , the trigonometric polynomials g n defined in (2) satisfy the following: 2πikt such that |m n (t)| 2 = g n (t) and m n (0) = 1. The coefficients of m n may be obtained by spectral factorization ( [7] ).
We will also need the following (cf. [15, Proposition 4.10]) Proposition B. Given n ∈ N, let g n be the trigonometric polynomial defined by (2) . Then
is a well defined function in R. Moreover, there exist two constants C n > 0 and α < 1 and an integer N , such that if |t| > 1 and n ≥ N , then
, and let C r , r = 1; 2, . . . , be the set of functions f such that all the partial derivatives of f of order not greater than r are continuous and in L 2 (R d ). The construction of the Daubechies wavelets is summarized in the following Theorem C. For n ∈ N, let g n (t) be the trigonometric polynomial defined by (2) . Let
be a trigonometric polynomial such that |m n (t)| 2 = g n (t) and m n (0) = 1, let
is a scaling function of an MRA, and its support is in [0, 2n
is an orthonormal wavelet in L 2 (R), and its support is in
where α is such that the inequality of Proposition B is satisfied, then both ψ
Proofs of Theorem C may be found in, e.g., [15, Theorem 4.7] and [8] ), except for the estimates for the supports: these follow from [8, Proposition 2.13] and the discussion following [8, Theorem 3 .29] (see also the discusion on construction of compactly supported wavelets in [14] ).
Given n ∈ N, let the functions ψ
∈ L 2 (R) be defined as in Theorem C and let (5) ϕ
Then, as is well known, ϕ
, and the set {ϕ
It is easy to see that the support of ϕ d . In addition, applying Theorem C we infer that if
where α is such that the inequality of Proposition B is satisfied, then ϕ
Some smooth nonseparable compactly supported scaling functions
In this section we construct smooth nonseparable compactly supported scaling functions of an MRA in
constructed by means of tensor products in the previous section.
Let M ∈ R d×d be given by
We also need the following auxiliary lemma:
and ψ
be defined as in Theorem C. Then:
Proof. Lemma A implies that |m n (0)| = 1, and from (3) that | ψ
2 ), it follows that also 0 < |m n (t)| < 1 on (− 
we conclude that ψ 
Since g( 
Part (d) follows from the above identity as well.
In what follows, let t = (t 1 , . . . , t d ) ∈ R d and, for 1 ≤ a < d, t a = (t 1 , . . . , t a ), and t d−a = (t a+1 , . . . , t d ); thus t = (t a , t d−a ).
We can now prove Proposition 1. Let M be given by (6), let n ∈ N and let
, continuous at the origin, such that
Proof. Assume that, on the contrary, there exist an integer a, 0 < a < d, and two functions f ∈ L 2 (R a ) and g ∈ L 2 (R d−a ), continuous at the origin, such that (7) is satisfied. The definition of Ψ
where ψ (n) 0 (t) is defined in Theorem C. Thus, by (7), (7) we have:
We first consider the case a = 1. The identity (7) yields
and therefore
From (7) it also follows that
This implies that for any
where h(t) = 1 if d = 2, and
We thus conclude that for any
In particular, setting t 1 = t 2 := 1/2 and, if d > 2, t s := 0 for s > 2, and bearing in mind that ψ (n) 0 (1) = 0, we conclude that the left-hand side of (9) vanishes at t. But part (a) of Lemma 2 implies that h(t)| ψ
, and we have a contradiction.
Assume now that a > 1. Since a < d, this implies that d ≥ 3, and from (8) we
From (8) we also deduce that
which implies that
where h 2 (t) = 1 if a + 1 = d, and
Applying (7) we therefore conclude that for any
Setting t a−1 = t a = 1 2 and t s = 0 otherwise, we readily obtain a contradiction.
The following proposition is of independent interest:
be the sequence of subspaces defined by
Then any compactly supported function in ∪ j∈Z V j is nonseparable.
Proof. We proceed by contradiction. Let ρ ∈ ∪ j∈Z V j be a compactly supported function. Then there exists j ∈ Z such that θ(·) := ρ(2 −j ·) ∈ V 0 . Assume there exist an integer a, 0 < a < d, and two functions f (x 1 ) and
and
Since θ is compactly supported, also f and g must be compactly supported. Thus θ, f , and g are continuous.
On the other hand, since θ is in V 0 and also both Ψ (n) 0 and θ are compactly supported, there exists Q, a trigonometric polynomial on R d , such that
i.e.,
where, as defined in Section 1, [θ] 2 stands for the bracket product of θ with itself. From (12) and (13) we conclude that
Note that we have removed "a.e." by continuity. From the preceding identity we deduce that
Finally, since Ψ (n) 0 (t) is continuous, it follows that both u(t a ) and v(t d−a ) are continuous, and the assertion follows from Proposition 1. Corollary 1. Any compactly supported scaling function of {V j } j∈Z is nonseparable.
Since for any n ∈ N the set of compactly supported (and therefore nonseparable) functions in V n is dense in V n , we also have
The following is the main result in this section.
is a nonseparable scaling function of this MRA with support in
where α is such that
Proof. First we will show that the sequence of subspaces
From Lemma 1 we know that {Ψ (n)
0 (x − k); k ∈ Z} is an orthonormal system, and the definition of V 0 implies that condition (iv) in the definition of MRA holds. By (11) , conditions (i) and (ii) also hold.
We now prove condition (iii), i.e. that j∈Z V j is dense in
and ε > 0, it follows that there exists an integer j and a function h ∈ U j such that 
, where H(t) = P (M T t). Since M T ∈ Z d×d , we deduce that H(t) is Zd-periodic. We have therefore established that the sequence of subspaces {V j } j∈Z is a multiresolutioon analysis with scaling function Ψ From Proposition 2 we know that Ψ (n)
Let γ ∈ {0, 1} d \ {0}, k ∈ Z d and j ∈ Z. Making the change of variable M x = y we have From Proposition 2 we know that that the functions Ψ (n) γ are nonseparable. Finally, let r be an integer such that 1 2 (1 − α)n − 1 > r ≥ 0, where α is such that (15) holds for some constant D n > 0. Since ϕ (n) γ is in continuity class C r , applying the chain rule we conclude that also Ψ (n) γ is in continuity class C r .
